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System Realization Using Information Matrix
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A generalized version of the information matrix is introduced consisting of the autocorrelation and cross-
correlation matrices of the shifted input and output data. Based on the concept of data correlation, a new system
realization algorithm is developed to identify a model directly from input and output data. The algorithm starts
with computing the information matrix to derive a special correlation matrix that in turn produces the system
observability matrix and the state-vector correlation. A system model can then be identi� ed from the observability
matrix in conjunction with other algebraic manipulations. The algorithm leads to several different methods for
computing system matrices to represent the system model. An experimental example is given to illustrate the
validity and usefulness of these methods with some comparison.

Nomenclature
A = state matrix, n £ n
B = input in� uence matrix, n £ r
bi = i th column of B, n £ 1
C = output in� uence matrix, m £ n
D = direct transmission matrix, m £ r
di = i th column of D, m £ 1
Ii = identity matrix of order i
k = time index
` = data length
m = number of outputs
n = order of the system
n0 = number of zero singular values
O p = observabilitymatrix, pm £ n
O p A, O p C = working matrices
p = integer determining the maximum order of the

system
R, NR = information matrix, p(m C r) £ p(m C r )
Rhh = fundamental SRIM correlation matrix, pm £ pm
Ruu , QRuu = autocorrelationof input vector, pr £ pr
Ruy , QRuy = cross correlation of input and output vectors,

pr £ pm
Rxu = cross correlation of state and input vectors, n £ pr
Rx x = autocorrelationof state vector, n £ n
QRx x = state-related correlation matrix, n £ n
Rxy = cross correlation of state and output vectors,

n £ pm
Ryy = autocorrelationof output vector, pm £ pm
r = number of inputs
Tp = Toeplitz matrix, pm £ pr
U = left singular matrix
Um (k) = special force matrix at time index k, m £ r
Un = columns of left singular matrix corresponding to

nonzero singular values
Up(k) = input matrix containing up(k) up to up(k C N ¡ 1),

pr £ N
U0 = columns of left singular matrix corresponding to

zero singular values
U0n , U0T = working matrices
u(k) = input force vector at time index k, r £ 1
u i (k) = i th input force at time index k
up(k) = vector containing u(k) up to u(k C p ¡ 1), rp £ 1
u0

N (k) = vector containing u(k) up to u(k C N ¡ 1), pN £ 1
V = right singular matrix
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X (k) = matrix containing x(k) up to x(k C N ¡ 1), n £ N
x(k) = state vector at time index k, n £ 1
Yp(k) = output matrix containing yp(k) to yp (k C N ¡ 1),

pm £ N
y(k) = output measurement vector at time index k, m £ 1
yp(k) = vector containing y(k) up to y(k C p ¡ 1), pm £ 1
C = working matrix
R = singular value matrix
R n = diagonal matrix containing nonzero singular values
r i = i th singular value
0i = zero square matrix of order i
0i£ j = zero rectangular matrix of dimension i by j

I. Introduction

R ECENTLY, systemidenti� cationhasgainedmuchattentionfor
activecontrolof � exible structuresincludingacousticnoise re-

duction,jitter-inducedvibrationsuppression,andspacecraftantenna
� ne pointing. In practice, controller designs based on analytical
models will not work the � rst time. In most cases, the reason is that
the analyticalmodels used in the controllerdesigns are not accurate
enough to meet speci� ed performance requirements. As a result,
most practicing engineers conduct experiments to either tune the
controller parameters or identify mathematical models of suf� cient
� delity from input and output data. In addition to the identi� cation
of system models, most robust control methods require some type
of information about the model uncertainties.

This paper is motivated by the need to improve system identi-
� cation techniques such as those in Refs. 1–3. These techniques
require a Q R factorization of a large Hankel matrix followed by a
singularvalue decompositionand the solutionof an overdetermined
set of equations. Computational time and numerical accuracy be-
come an issue when the length of measurementdata is considerably
long. The initial attempt is to � nd an alternate procedure for these
techniquesto performsystem identi� cationmore ef� ciently in com-
putation. The approach is to use the concept of data correlations as
presented in Refs. 4–6. As a result, a new algorithm called sys-
tem realizationusing information matrix (SRIM) is developed.The
information matrix is similar to the one de� ned in Ref. 7 for the
frequency-domainanalysis, but it has a general form consisting of
shifted input and output data correlations in the time domain or
frequency domain. A special correlation matrix is introduced and
computed from the information matrix. The special correlationma-
trix reduces to the shifted data correlation of the pulse response
if the output is a free-decay response generated by a pulse input.
The SRIM algorithm includes severalmethods with differentmerits
for computing system matrices including the state matrix, the input
and output matrices, and the direct transmission matrix to form a
discrete-time model.

The eigensystem realization algorithm with data correlation
(ERA/DC)4 uses the shifted data correlation of the pulse re-
sponse and factors the correlation matrix via the singular value
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decomposition to realize a set of system matrices. The pulse re-
sponse may be obtained by a pulse input or computed from input
and outputdata via the observer/Kalman � lter identi� cation (OKID)
technique.5 Thus, the SRIM algorithm presented in this paper may
be considered as an extension of the ERA/DC for system identi� -
cation directly from input and output data.

To derive the SRIM algorithm, we start with the description of
a discrete-time state-space model and give some key de� nitions,
such as the observability matrix and the Toeplitz matrix. It follows
by the developmentof the state-spacemodel realization to compute
the system matrices. Then the computational steps are provided
for the algorithm. Finally, an experimental example is given for
illustration.

II. State-Space Model
A deterministic linear time-invariant system is commonly repre-

sented by the following discrete-time state-space model6:

x(k C 1) D Ax(k) C Bu(k)

y(k) D Cx(k) C Du(k)
(1)

where x(k) is an n £ 1 state vector at time index k, u(k) is an
r £ 1 input vector corresponding to r inputs, and y(k) is an m £ 1
output vector associated with m sensor measurements. The system
matrices A, B, C , and D with appropriatedimensions are unknown
to be determined from given input and output data, i.e., u(k) and
y(k) for k D 0, 1, 2, . . . , .̀

With some algebraic manipulations,Eq. (1) produces

y(k)

y(k C 1)

y(k C 2)
...

y(k C p ¡ 1)

D

C

C A

C A2

...
C A p ¡ 1

x(k)

C

D

C B D

C AB C B D
...

...
...

. . .
C Ap ¡ 2 B C Ap ¡ 3 B C Ap ¡ 4 B ¢ ¢ ¢ D

£

u(k)

u(k C 1)

u(k C 2)
...

u(k C p ¡ 1)

(2)

where p is an integer depending on the size of the system model,
i.e., dimension of A. The choice of p will be shown later. Let yp (k),
O p , and Tp be de� ned as

yp(k) D

y(k)

y(k C 1)

y(k C 2)
...

y(k C p ¡ 1)

O p D

C

C A

C A2

...
C Ap ¡ 1

up (k) D

u(k)

u(k C 1)

u(k C 2)
...

u(k C p ¡ 1)

(3)

Tp D

D

C B D

C AB C B D
...

...
...

. . .
C Ap ¡ 2 B C Ap ¡ 3 B C Ap ¡ 4 B ¢ ¢ ¢ D

Equation (2) thus becomes

yp (k) D O px(k) C T pup(k) (4)

The matrix Op of dimension pm £ n is commonly called the ob-
servability matrix and is formed from the state matrix A and the
output matrix C . The matrix Tp of dimension pm £ pr is a gener-
alized Toeplitz matrix formed from the system Markov parameters
D and C Ak B for k D 0, 1, . . . , p ¡ 2. Note that T p is unique even
though A, B, C , and D are not unique, because the system Markov
parameters D and C Ak B are unique. The use of Eq. (2) to realize a
system model is presented in the following section.

III. State-Space Model Realization
In state-space system identi� cation, the goal is to determine the

unknownmatrices A, B, C , and D, which are embeddedin matrices
O p and Tp . One approach starts with computing O p and Tp from
known input and output data. With Op computed, the output matrix
C is the � rst m rows of O p . De� ne O p(m C 1 : pm, : ) as the
matrix consisting of the last ( p ¡ 1)m rows, i.e., from (m C 1)th
row to the ( pm)th row, and all columns of O p . Similarly, de� ne
O p[1 : ( p ¡ 1)m, : ] as the matrix formed using the � rst ( p ¡ 1)m
rows and all columns of Op , i.e.,

O p(m C 1 : pm, : ) D

C A

C A2

C A3

...
C Ap ¡ 1

(5)

O p[1 : ( p ¡ 1)m, : ] D

C

C A

C A2

...
C Ap ¡ 2

which yields the following equality:

Op(m C 1 : pm, : ) D

C A

C A2

C A3

...
C A p ¡ 1

D

C

C A

C A2

...
C Ap ¡ 2

A

D O p[1 : ( p ¡ 1)m, : ]A (6)

Note that the colon by itself in place of a subscript denotes all of
the corresponding row or column. The state matrix can then be
computed by

A D O†
p [1 : ( p ¡ 1)m , :]O p(m C 1 : pm, : ) (7)

where † means the pseudoinverse. Note that the integer p should
be chosen such that the matrix O p(m C 1 : pm , : ) of dimension
( p ¡ 1)m £ n has rank larger than or equal to n, i.e.,

( p ¡ 1)m ¸ n ) p ¸ (n/ m) C 1 (8)

where n is the order of the system.
Similarly, the � rst m rows and the � rst r columns of the matrix Tp

shown in Eq. (3) constitute the direct transmissionmatrix D. De� ne
T [m C 1 : ( p ¡ 1)m, 1 : r] as the matrix formed by deleting the
� rst m rows of the � rst r columns of T p , i.e.,

T [m C 1 : ( p ¡ 1)m, 1 : r] D

C B

C AB
...

C A p ¡ 2 B

D

C

C A
...

C Ap ¡ 2

B

D O p[1 : ( p ¡ 1)m, : ]B (9)
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Equation (9) clearly produces

B D O†
p[1 : ( p ¡ 1)m, : ]T [m C 1 : ( p ¡ 1)m, 1 : r] (10)

To determineO p and Tp , � rst expand the vectorequation,Eq. (4),
to a matrix equation, i.e.,

Yp(k) D Op X (k) C TpUp(k) (11)

where

X (k) D [x(k) x(k C 1) ¢ ¢ ¢ x(k C N ¡ 1)]
Yp(k) D [yp(k) yp(k C 1) ¢ ¢ ¢ yp (k C N ¡ 1)]

D

y(k) y(k C 1) ¢ ¢ ¢ y(k C N ¡ 1)

y(k C 1) y(k C 2) ¢ ¢ ¢ y(k C N )
...

...
. . .

...
y(k C p ¡ 1) y(k C p) ¢ ¢ ¢ y(k C p C N ¡ 2)

Up (k) D [up (k) up (k C 1) ¢ ¢ ¢ up (k C N ¡ 1)] (12)

D

u(k) u(k C 1) ¢ ¢ ¢ u(k C N ¡ 1)

u(k C 1) u(k C 2) ¢ ¢ ¢ u(k C N )
...

...
. . .

...
u(k C p ¡ 1) u(k C p) ¢ ¢ ¢ u(k C p C N ¡ 2)

The integer N must be suf� ciently large such that the rank of Yp(k)
and Up(k) is at least equal to the rank of O p . Equation (11) is the
key equation to be used to solve for O p and Tp , which includes the
input and outputdata informationup to the data point k C pC N ¡2.
Because the data matrices Yp(k) and Up(k) are the only information
given, we must focus on these two matrices to extract other infor-
mation necessary to determine the system matrices A, B, C , and D.

Let us de� ne the following quantities:

Ryy D (1/ N )Yp(k)Y T
p (k) Ryu D (1/ N )Yp(k)U T

p (k)

Ruu D (1/ N )Up(k)U T
p (k) Rx x D (1/ N )X (k)X T (k) (13)

Ryx D (1/ N )Yp(k)X T (k) Rxu D (1/ N )X (k)U T
p (k)

where N D `¡ p, with ` being the data length and p the data
shift. The quantities Ryy , Ruu , and Rx x are symmetric matrices.
The square matrices Ryy (mp £ mp), Ruu (rp £ rp), and Rx x

(n £n) are the autocorrelationsof the output data y with time shifts,
the input data u with time shifts, and the state vector x, respectively.
The rectangular matrices Ryu (mp £ rp), Ryx (mp £ n), and Rxu

(n £ rp) represent, respectively, the cross correlationsof the output
data y and input data u, the output data y and the state vector x,
and the state vector x and the input data u. When the integer N
is suf� ciently large, the quantities de� ned in Eq. (13) approximate
expected values in the statistical sense if the input and output data
are stationary processes satisfying the ergodic property.

In view of Eq. (13), postmultiplyingEq. (11) by U T
p (k) and then

dividing it by N yields

Ryu D OpRxu C TpRuu (14)

which, if R¡1
uu exists, yields

Tp D [Ryu ¡ OpRxu ]R¡1
uu (15)

The inverse matrix R¡1
uu exists only when integers p and N are

properly chosen such that Ruu has at least rank rp. Similarly, post-
multiplying Eq. (11) by Y T

p (k) yields

Ryy D O pRT
yx C T pRT

yu (16)

and postmultiplyingEq. (11) by X T (k) gives

Ryx D OpRx x C TpRT
xu (17)

SubstitutingEq. (15) for Tp into Eqs. (16) and (17) and the resulting
equation for Ryx into Eq. (16) produces

Ryy ¡ Ryu R¡1
uu RT

yu D OpRx x OT
p ¡ O pRxuR¡1

uu RT
xuOT

p (18)

Now de� ne

Rhh D Ryy ¡ RyuR¡1
uu RT

yu (19)

and

QRx x D Rx x ¡ Rxu R¡1
uu RT

xu (20)

Equation (18) becomes

Rhh D Op
QRx x OT

p (21)

Equation (21) is the key equation to be used for determinationof the
system matrices A and C . The quantity Rhh is determined from the
output autocorrelation matrix Ryy minus the product of the cross-
correlation matrix Ryu and its transpose weighted by the inverse of
the input autocorrelationmatrix Ruu . The quantity Rhh exists only
if the input autocorrelationmatrix Ruu is invertible.The symmetric
matrix Ruu is invertible if the input signal u(k) for k D 1, 2, . . . , `
is rich and persistent, which results in a matrix Up(k) of full rank,
i.e., rp. Assume that the input signal u(i ) for i ¸ k is uncorrelated
with the state vector x(k) at time step k. In other words, the current
and future input data are uncorrelatedwith the current state. In this
case, the cross-correlation matrix Rxu becomes an n £ rp zero
matrix and the matrix QRx x de� ned in Eq. (20) reduces to Rx x . For
example, if the input u is a zero-mean, white, and Gaussian random
signal, then QRx x D Rx x when the data length is suf� ciently long,
i.e, N ! 1 in theory.

Let R be de� ned as

R D
Ryy Ryu

RT
yu Ruu

D
Yp(k)

Up(k)
Y T

p (k) U T
p (k) (22)

The matrix R is de� ned here as the information matrix, which is
formed by the correlation matrices Ryy , Ryu , and Ruu of shifted
input and output data. The information matrix contains all of the
informationnecessaryto compute the system matrices A, B, C, and
D. Factoring R yields

R D
Ryy Ryu

RT
yu Ruu

D
Ipm Ryu R¡1

uu

0pr£ pm I pr

£
Rhh 0pm£ pr

0pr£pm Ruu

I pm 0pm£ pr

R¡1
uu Ryu I pr

(23)

where Ipm (or Ipr ) is an identity matrix of order pm (or pr ) and
0pm£ pr (or 0pr £pm ) is a pm £ pr (or pr £ pm) zero matrix. The
product of a matrix and its transpose is either a positive semide� nite
or a positive de� nite matrix, depending on the rank of the matrix
itself.Therefore, the matrix product on the left-handside of Eq. (23)
is a positive semide� nite or a positive de� nite matrix. In the matrix
triple product on the right-hand side of Eq. (23), the left matrix and
its transpose(i.e., the right matrix) are both of full rank. This means
that Rhh must be a positivesemide� nite or a positivede� nite matrix,
i.e.,

Rhh ¸ 0 (24)

for the case when Ruu > 0 (positive de� nite), which is required for
the existence of R¡1

uu .
The left-hand side of Eq. (21), i.e., the symmetric matrix Rhh , is

known from input and output data, whereas the right-hand side is
formed from the product of the rectangularmatrix O p of dimension
mp £ n, the symmetric matrix QRx x of dimension n £ n, and the
transposeof O p . It is very clear that the matrix Rhh must be factored
into three matrices in order to solve for the observabilitymatrix O p .
That is, indeed, the approach to be taken in the following section.

A. Computation of A and C
Two methods for computing A and C are shown in this section.

One method decomposes the full matrix Rhh and, thus, is called the
full decompositionmethod.The othermethoddecomposesa portion
of Rhh and is referred to as the partial decompositionmethod.
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1. Full Decomposition Method
Given the matrix Rhh computed from the input and output data,

the matrix decompositionmethod starts with factoring Rhh into the
product of three matrices. The singular value decomposition is the
obvious choice to perform the matrix factorization.

Taking the singularvalue decompositionof the symmetric matrix
Rhh yields

Rhh D U R 2U T D [Un U0]
R 2

n 0n £ n0

0n0 £ n 0n0

UT
n

UT
0

D Un R 2
n UT

n

(25)
The integer n0 D pm ¡ n is the number of dependent columns in

Rhh , 0n £ n0 is an n £ n0 zero matrix, and 0n0 is a square zero matrix
of order n0 . The pm £ n matrix Un corresponds to the n nonzero
singular values in the diagonal matrix R n , whereas the pm £ n0

matrix U0 is associatedwith the n0 zero singular values. Combining
Eq. (21) with Eq. (25) thus produces

Rhh D O p
QRx x OT

p D Un R 2
n UT

n (26)

The last equality produces one solution for Op and QRx x , i.e.,

O p D Un (27)

and

QRxx D R 2
n (28)

Equation (27) implies that the pm £ n matrix Un , computed from
the correlation matrix Rhh , is a representation of the observability
matrix Op and can be used to solve for the output matrix C and the
state matrix A using Eq. (7). The � rst m rows of Un constitute the
output matrix C .

Equation (28) gives the correlation QRx x , de� ned in Eq. (20), as
the singular value matrix R 2

n of the correlation matrix Rhh . For
the case where the input u is a zero-mean white noise sequence, the
correlation QRx x reduces to Rx x de� ned in Eq. (13), which is nothing
but the correlation of the state vector x. The diagonal nature of R 2

n
implies that all individual elements of the state vector x are linearly
independent and orthogonal (uncoupled). Each individual element
of the state vector x(k) represents one coordinate. The importance
of each coordinate can then be measured by the magnitude of its
correspondingsingular value.

Let the diagonal matrix R n be denoted by

R n D diag[r 1, r 2 , . . . , r n ] D

r 1 0 ¢ ¢ ¢ 0

0 r 2 ¢ ¢ ¢ 0
...

...
. . .

...
0 0 ¢ ¢ ¢ r n

(29)

with monotonically nonincreasing r i (i D 1, 2, . . . , n):

r 1 ¸ r 2 ¸ ¢ ¢ ¢ ¸ r n ¸ 0

Accordingly, the strength of the elements (coordinates) in the state
vector x(k) can be quanti� ed by the singular values. Assume that
the singular values r iC1, . . . , r n are relatively small and negligible
in the sense that they contain more noise information than system
information.As a result, the coordinatescorrespondingto the singu-
lar values r iC1, . . . , r n are negligible in comparison with the other
coordinates. The order of the system may then be reduced from n
to i by deleting singular values r iC1 , . . . , r n .

In practice, none of the singular values will be identically zero
because of system uncertainties and measurement noise, implying
that n0 D 0, n D pm, and U0 D [ ] (empty) without singular values
truncation.The observabilitymatrix O p shown in Eq. (27) becomes
a square matrix because Un obtained from Eq. (26) is a pm £ pm
matrix. The equality,Eq. (8), is violated indicating that Eq. (7) can-
not be used to solve for the state matrix A. If none of the singular
values are zero, at least m smallest singular values must be consid-
ered as zero in order to use the full decompositionmethod. In other
words, the last m columns of Un must be truncated and treated as
U0. To overcome this problem, another method is presented in the
following section.

2. Partial Decomposition Method
Regardless of what integer p is chosen, the minimum value of

n0 must be m (the number of outputs) to make n < pm and then
satisfy theequalityconstraint,Eq. (26). There is oneway of avoiding
any singular values truncation. Instead of taking the singular value
decomposition of the pm £ pm square matrix Rhh , let us factor
only part of the matrix, i.e.,

Rhh [:, 1 : ( p ¡ 1)m] D U R 2V T

D [U 0
n U 0

0]
R 2

n 0n £ n0

0n 0
0

£ n 0n0
0

£ n0

VT
n

VT
0

D Vn R 2
nV T

n (30)

The dimension of Rhh [:, 1 : ( p ¡ 1)m] is pm £ ( p ¡ 1)m, i.e.,
there are more rows than columns. The integer n0 indicates the
number of zero singular values and also the number of columns
of V0 . The integer n0

0 is the number of columns of U 0
0 that are or-

thogonal to the columns of U 0
n . For noisy data, there will not be any

zero singularvalues, i.e., n0 D 0. If no singularvalues are truncated,
one obtains n0

0 D m . If some small singularvalues are truncated,n0
0

becomes the sum of m and the number of truncated singular values.
In other words, there are at least m columns of U 0

0 that are ortho-
gonal to the columns of U 0

n in Eq. (30). From Eq. (26), it is easy to
show that

Rhh [:, 1 : ( p ¡ 1)m] D Op
QRx x OT

p [:, 1 : ( p ¡ 1)m] D U 0
n R 2

nV T
n

(31)
which yields one solution,

O p D U 0
n

QRx x OT
p [:, 1 : ( p ¡ 1)m] D R 2

nV T
n (32)

The second equation in Eq. (32) does not imply that QRx x D R 2
n or

OT
p [:, 1 : ( p¡1)m] D VT

n if the � rst equationmust be satis� ed. One
important feature of this approach is that there are always enough
columns of U 0

0 for use in computing A and C with or without
singular values truncation. The disadvantage is that the singular
values do not represent the correlation of the state vector anymore.

B. Computation of B and D
Similar to computing A and C , there are three methods available

for computing B and D. The � rstmethod,calledthe indirectmethod,
uses the column vectors,which are orthogonalto the columnvectors
of the observabilitymatrix. The second method makes direct use of
the observability matrix and is referred to as the direct method.
The third method minimizes the output error between the measured
output and the reconstructedoutput. The reconstructedoutput is the
output time history obtained using the input time history to drive
the identi� ed system model, which is represented by the computed
matrices A, B, C, and D.

1. Indirect Method
With A and C known, the input matrix B and the direct transmis-

sion matrix D can be computed from the Toeplitz matrix Tp de� ned
in Eq. (3). To formulate an equation to solve for Tp , one must � nd a
way to eliminate the term associated with the observability matrix
O p from Eq. (14).

In view of Eqs. (25) and (27), premultiplyingEq. (14) by U T
0 and

using the orthogonalityproperty of Un and U0 yields

U T
0 Ryu D U T

0 T pRuu

Postmultiplying the preceding equation by R¡1
uu results in

U T
0 Tp D U T

0 Ryu R¡1
uu (33)

Equation (33) is the fundamental equation to solve for the input
matrix B and the direct transmission matrix D. Note that Eq. (33)
by no means implies thatT p D Ryu R¡1

uu , becauseUT
0 is a rectangular

matrix of dimensionn0 £mp with n0 < mp. The right-handside of
Eq. (33) is a known quantity,whereas the left-handside contains the
matrix Tp , which is partiallyknown including A and C and partially
unknown including B and D. Therefore, one must partition the
matrix Tp into two parts to extract matrices B and D.
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Let Tp be partitioned as

Tp D fTp(:, 1 : r) T p(:, r C1 : 2r) ¢ ¢ ¢ Tp [:, ( p¡1)rC1 : pr]g
(34)

From Eq. (3) for the de� nitions of T p and O p and Eq. (27), one
obtains

Tp( :, 1 : r ) D
D

Un[1 : ( p ¡ 1)m, : ]B

Tp( :, r C 1 : 2r ) D
0m £ r

D

Un [1 : ( p ¡ 2)m, : ]B

Tp( :, 2r C 1 : 3r ) D
02m £ r

D

Un [1 : ( p ¡ 3)m, : ]B
...

Tp[:, ( p ¡ 1)r C 1 : pr] D
0( p¡1)m £ r

D

(35)

with 0i£ j being a zero matrix of dimension i £ j . The product of
U T

0 Tp becomes

UT
0 Tp( :, 1 : r) D UT

0 ( :, 1 : m)D

C U T
0 ( :, m C 1 : pm)Un [1 : ( p ¡ 1)m, : ]B

UT
0 Tp( :, r C 1 : 2r) D UT

0 ( :, m C 1 : 2m)D

C U T
0 ( :, 2m C 1 : pm)Un [1 : ( p ¡ 2)m, : ]B (36)

UT
0 Tp( :, 2r C 1 : 3r ) D U T

0 ( :, 2m C 1 : 3m)D

C U T
0 ( :, 3m C 1 : pm)Un [1 : ( p ¡ 3)m, : ]B

...

UT
0 Tp[:, ( p ¡ 1)r C 1 : pr] D U T

0 [:, ( p ¡ 1)m C 1 : pm]D

Equation (36) can be rewritten in the following matrix form:

U0T D U0n

D

B
(37)

where

U0T D

U T
0 Tp( :, 1 : r )

U T
0 Tp( :, r C 1 : 2r )

U T
0 Tp ( :, 2r C 1 : 3r)

...
U T

0 Tp [:, ( p ¡ 1)r C 1 : pr]

U0n D

U T
0 ( :, 1 : m) U T

0 ( :, m C 1 : pm)Un [1 : ( p ¡ 1)m, : ]

U T
0 ( :, m C 1 : 2m) U T

0 ( :, 2m C 1 : pm)Un[1 : ( p ¡ 2)m, : ]

U T
0 ( :, 2m C 1 : 3m) U T

0 ( :, 3m C 1 : pm)Un[1 : ( p ¡ 3)m, : ]
...

...
U T

0 [:, ( p ¡ 1)m C 1 : pm] 0n0 £ n

The dimension of U0T is pn0 £ pr , whereas the dimension of U0n

is pn0 £ (m C n). Let the right-hand side of Eq. (33) be denoted by

U0R D U T
0 Ryu R¡1

uu (38)

where U0R is an n0 £ pr matrix. Equation (37) shows that U0T is
thus given by

U0T D

U0R( :, 1 : r )

U0R( :, r C 1 : 2r)

U0R( :, 2r C 1 : 3r )
...

U0R[:, ( p ¡ 1)r C 1 : pr]

(39)

and B and D can be computed by

D

B
D U †

0nU0T (40)

The � rst m rows of U †
0nU0T form the matrix D, and the last n rows

produce the matrix B.
Equation (40) has a unique least-squares solution for B and D

only if the matrix U0n has more rows than columns. Because the
dimension of U0n is pn0 £ (m C n), the integer p must be chosen
such that pn0 ¸ (m C n), where n0 D pm ¡ n, with n being the
orderof the system.For example, if p is chosen to be ( p ¡1)m ¸ n,
then the minimum requirement for n0 is n0 D m. This indicates that
the orderof the system must be determinedsuch that pn0 ¸ (m Cn)
is satis� ed, in particular, for the case where all of the singularvalues
beyond r n [see Eq. (29)], i.e., r nC1, . . . , r pm , are not exactly zeros
but small quantities.

For small n0 , computing B and D from Eq. (40) is quite ef� cient
in time. In practice, the integer n0 results from truncating small but
nonzero singular values. The truncationerror may in turn introduce
considerableerror in the computed results for B and D. An alternate
method for computing B and D without using the matrix U0 asso-
ciated with the zero singular values is presented in the following
section.

2. Direct Method
Instead of using U0 to derive Eq. (33), the direct method depends

on the observabilitymatrix Op to formulate an equation to solve for
B and D. The approach used to derive the direct method is similar
to that for the indirect method.

First, use the notation X (k) de� ned in Eq. (12) and the state
equation, Eq. (1), to form

X (k C 1) D [x(k C 1) x(k C 2) ¢ ¢ ¢ x(k C N )]

D AX (k) C Bu0
N (k) (41)

where u0
N (k) is de� ned as

u0
N (k) D [u(k) u(k C 1) ¢ ¢ ¢ u(k C N ¡ 1) (42)

Substituting Eq. (41) into Eq. (11) yields

Yp (k C 1) D O p X (k C 1) C T pUp (k C 1)

D O p AX (k) C O p Bu 0
N (k) C T pUp (k C 1)

D O p AX (k) C (O p B T p)
u 0

N (k)

Up(k C 1)

D O p AX (k) C (O p B T p)UpC1(k C 1) (43)

From Eq. (11), the least-squares solution for X (k) is

X (k) D O†
p [Yp(k) ¡ TpUp (k)] (44)

Using Eq. (44) for X (k), Eq. (43) produces

Yp (k C 1) ¡ O p AO†
pYp(k)

D ¡Op AO†
pTpUp(k) C [Op B Tp ]Up C 1(k C 1)

D [Op B Tp] ¡ Op AO†
pTp 0pm £ r Up C 1(k C 1)

D C Up C 1(k C 1) (45)

where 0pm £ r is a pm £ r zero matrix and

C D [O p B Tp] ¡ Op AO†
pTp 0pm £ r (46)

Note that O p B is a pm £r matrix, whereas O p AO†
pTp is a pm £ pr

matrix because Tp is a pm £ pr matrix. Because the dimensions



JUANG 497

of Op B and O p AO†
pT p are not the same, they may not be di-

rectly added to become a single matrix. Similarly, T p and 0pm £ r

cannot be directly subtracted. However, either [O p B Tp] or
[Op AO†

pTp 0pm £ r ] is a pm £ ( pr C r) matrix. Postmultiplying
Eq. (45) by U T

pC1(k C 1) thus results in

QRyu [m C 1 : ( p C 1)m, : ] ¡ Op AO†
p

QRyu(1 : pm, : ) D C QRuu

(47)

O p A D

¡AO†
p ( :, 1 : m) In ¡ AO†

p ( :, m C 1 : pm)Op [1 : ( p ¡ 1)m, : ]

O†
p ( :, 1 : m) ¡ AO†

p [m C 1 : 2m, : ] O†
p( :, m C 1 : pm)Op[:, 1 : ( p ¡ 1)m]

¡ AO†
p ( :, 2m C 1 : pm)Op[1 : ( p ¡ 2)m, : ]

O†
p( :, m C 1 : 2m) ¡ AO†

p (2m C 1 : 3m, : ) O†
p( :, 2m C 1 : pm)O p[ :, 1 : ( p ¡ 2)m]

¡ AO†
p ( :, 3m C 1 : pm)Op[1 : ( p ¡ 3)m, : ]

...
...

O†
p[:, ( p ¡ 1)m C 1 : pm] 0n

where

QRuu D (1/ N )Up C 1(k C 1)U T
p C 1(k C 1)

QRyu D (1/ N )Yp C 1(k C 1)U T
p C 1(k C 1)

(48)

Now premultiplying Eq. (48) by O†
p and postmultiplying by QR¡1

uu
yields

O†
p

QRyu [m C 1 : ( p C 1)m, : ] QR¡1
uu

¡ AO†
p

QRyu (1 : pm, : ) QR¡1
uu D O†

p C (49)

where O†
pO p D In has been applied. With input and output data

given and A and C determined, all quantities on the left-hand side
of Eq. (49) are computable. The unknown matrices B and D are
embedded in the matrix C . Similar to Eq. (36) for computing the
product of U T

0 Tp , matrix O†
p C may be computed as follows:

O†
p C D B O†

pTp ¡ AO†
pTp 0pm £ r (50)

Similar to Eq. (36) with the use of the alternate expression for the
pm £ pr matrix T p shown in Eq. (35), one obtains

O†
p C ( :, 1 : r) D ¡AO†

p( :, 1 : m)D

C B ¡ AO†
p( :, m C 1 : pm)O p[1 : ( p ¡ 1)m, : ]B

O†
p C ( :, r C 1 : 2r) D O†

p( :, 1 : m) ¡ AO†
p( :, m C 1 : 2m) D

C O†
p ( :, m C 1 : pm)Op [ :, 1 : ( p ¡ 1)m]

¡ AO†
p( :, 2m C 1 : pm)O p[1 : ( p ¡ 2)m, : ] B

O†
p C ( :, 2r C 1 : 3r ) D O†

p ( :, m C 1 : 2m) (51)

¡ AO†
p( :, 2m C 1 : 3m) D

C O†
p ( :, 2m C 1 : pm)O p[ :, 1 : ( p ¡ 2)m]

¡ AO†
p( :, 3m C 1 : pm)O p[1 : ( p ¡ 3)m, : ] B

...

O†
p C [:, pr C 1 : ( p C 1)r] D O†

p[ :, ( p ¡ 1)m C 1 : pm]D

Similar to Eq. (37), Eq. (52) can be rewritten in the followingmatrix
form:

O p C D O pA

D

B
(52)

where

Op C D

O†
p C ( :, 1 : r )

O†
p C ( :, r C 1 : 2r )

O†
p C ( :, 2r C 1 : 3r)

...
O†

p C ( :, pr C 1 : ( p C 1)r )

Here In is an identity matrix of order n, and 0n is a zero matrix of
order n. The quantity Op C is a pn £ r matrix, whereas Op A is a
( p C 1)n £ (m C n) matrix. Let the left-hand side of Eq. (49) be
denoted by

OpR D O†
p

QRyu [m C 1 : ( p C 1)m, : ] QR¡1
uu

¡ AO†
p

QRyu (1 : pm, : ) QR¡1
uu (53)

Equation (49) implies that

Op C D

O pR( :, 1 : r)

O pR( :, r C 1 : 2r)

O pR( :, 2r C 1 : 3r )
...

OpR[ :, pr C 1 : ( p C 1)r]

(54)

The matrices B and D can then be determined from Eq. (52) by

D

B
D O†

p AOp C (55)

The � rst m rows of O†
pAO p C form the matrix D, and the last n rows

produce the matrix B.
Equation (55) has a unique least-squares solution for B and D

only if the matrix Op A has more rows than columns. Because the
size of Op A is pn £ (m C n), the integer p must be chosen such
that pn ¸ (m C n), where n is the order of the system. The direct
method for computing B and D is, in general,more computationally
intensive than the indirect method. For example, when n D 10 and
p D 20, the number of rows in Op A becomes ( p C 1)n D 210.
However, there is no need to use all of the rows of Op A to solve for
B and D. It is suf� cient to use the number of rows in Op A and Op C

so that the rank is larger than m C n. Note that more rows in O p A

and O p C may improve the solution, particularly when considerable
system uncertainties are present.

The indirect and direct methods minimize the equation errors of
Eqs. (37) and (52), respectively.This by no means implies that the
output error between the real output and the reconstructed output
is minimized. The reconstructedoutput here means the output time
history obtained using the input time history to drive the identi-
� ed system model, which is represented by the computed matrices
A, B, C, and D. An alternate method is given in the following,
which minimizes the output error.

3. Output-Error Minimization Method
The output-error minimization method starts with rearranging

the output equation, Eq. (4). The rearrangement is performed to
formulate a linear equation that explicitly relates the output vector
to the elements of B and D. The least-squaressolution for B and D
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will then minimize the output error between the real output and the
reconstructedoutput.

Use Eq. (4) with p D N and k D 0 to obtain

yN (0) D ON x(0) C TN up(0) (56)

The matrices B and D are embedded in the last term, TN up (0),
on the right-hand side of Eq. (56). How to extract B and D from
Eq. (56) will be shown as follows.

Let the column vectors in B and D be expressed as

B D [b1 b2 ¢ ¢ ¢ br ] and D D [d1 d2 ¢ ¢ ¢ dr ]

(57)

Each column vector bi (i D 1, 2, . . . , r ) has n elements, with n
being the length of the state vector, and each column vector di

(i D 1, 2, . . . , r ) has m elements, with m being the number of
outputs. Let the vectors b and d be de� ned as

b D

b1

b2
...

br

and d D

d1

d2
...

dr

(58)

The column vector b is nothing but the result of stacking together
all of the column vectors of the input matrix B whereas d includes
all of the column vectors of the transmission matrix D. Similarly,
let the input vector u(k) be explicitly written as

u(k) D

u1(k)

u2(k)
...

ur (k)

(59)

where the quantities ui (k) for i D 1, 2, . . . , r are scalar, with r
being the number of inputs.

Using b and d de� ned in Eq. (58) and TN in Eq. (2), TN u p(0) may
now be rewritten as

TN up(0) D

D

C B D

C AB C B D
...

...
...

. . .
C AN ¡2 B C AN¡3 B C AN¡4 B ¢ ¢ ¢ D

u(0)

u(1)

u(2)
...

u(N ¡ 1)

D

Um (0)

Um (1)

Um (2)
...

Um (N ¡ 1)

d C

0m £ n

CUn (0)

C AU(0) C CUn (1)
...

N ¡2

k D 0

C AN¡k¡2Un(k)

b (60)

where 0m £ n is an m £ n zero matrix,

Um (k) D [Im u1(k) Im u2(k) ¢ ¢ ¢ Im ur (k)]

Un(k) D [Inu1(k) Inu2(k) ¢ ¢ ¢ Inur (k)]
(61)

and Im and In are identity matrices of order m and n, respectively.
The matrixsizeof Um(k) is m£mr and Un (k) is n£nr . The purpose
of rewriting the expression for TN u p(0) is to move the unknown
quantities B and D outside the brackets as shown in Eq. (60).

Substituting Eq. (61) into Eq. (56) yields

yN (0) D U H (62)

where

H D
x(0)

d

b

U D

C Um(0) 0m£n

C A Um(1) CUn (0)

C A2 Um(2) C AU(0) C CUn (1)
...

C AN¡1 Um (N ¡ 1)
N ¡2

k D 0

C AN¡k¡2Un(k)

(63)

The vector size H is (n C mr C nr) £ 1, and the matrix size U is
m N £ (n Cmr Cnr ). The unknown vector H can then be solved by

H D U †yN (0) (64)

where † denotes the pseudoinverse. The least-squares solution H
does not actually satisfy Eq. (62) when the system has input and
output noises. However, it minimizes the error between the actual
output vector yN (0) and the computed output vector OyN (0) D U H .
Solving the least-squares solution H can be very time consuming
because the number of rows in U is m times the integer N (data
length). For example, the row number can be as large as 10,000 for
a system with m D 5 outputs and N D 2000 data points.

To this end, the SRIM algorithm has been developed.Two meth-
ods are presented for computing A and C , and three methods are
shown for calculating B and D. For the reader who is interested in
programming the algorithm, the computational steps are given in
the following section.

IV. Computational Steps
To better understand the computational procedure for the SRIM

algorithm, the computational steps are summarized as follows.
1) Choose an integer p such that p ¸ (n/ m) C 1, where n is the

desired order of the system and m is the number of outputs.
2) Compute correlation matrices Ryy of dimension pm £ pm,

Ryu of dimension pm £ pr , and Ruu of dimension pr £ pr as
de� ned in Eq. (13) using the matrices Yp(k) of dimension pm £ N
and Up (k) of dimension pr £ N de� ned in Eq. (12). The integer
r is the number of inputs. The index k is the data point used as
the starting point for system identi� cation. The integer N must be
chosen such that `¡ k ¡ p C 2 ¸ N À min( pm, pr ), where `is
the length of the data.

3) Calculate the correlation matrix Rhh of dimension pm £ pm
de� ned in Eq. (13), i.e., Rhh D Ryy ¡ Ryu R¡1

uu RT
yu .

4) Use singular value decomposition to factor Rhh for the full
decompositionmethod [Eq. (25)] or a portion of Rhh for the partial
decompositionmethod [Eq. (30)].

5) Determine the order n of the system by examining the singular
values of Rhh and obtain Un of dimension pm £n [Eq. (25)] and U0

of dimension pm £ n0, where n0 D pm ¡ n is the number of trun-
cated small singularvalues.The integern0 must satisfy thecondition
pn0 ¸ (mCn) for the full decompositionmethod.For the partialde-
compositionmethod,Un is replacedby U 0

n [Eq. (30)], and the integer
n0 is the sum of m and the number of truncated singular values.

6) Let Un D Op or U 0
n D O p . Use Eq. (7) to determine the state

matrix A. The output matrix C is the � rst m rows of Un .
7) Compute U0R D UT

0 Ryu R¡1
uu shown in Eq. (38) for the indirect

method and construct U0n and U0T shown in Eqs. (37) and (39).
Determine the input matrix B and the direct transmission matrix
D from Eq. (40), i.e., the � rst m rows of U †

0nU0T form D and the
last n rows produce B. For the direct method, construct O p C and
O pA from Eq. (52) and solve for B and D by computing O†

pAO p C .
The � rst m rows of O†

pAO p C form D, and the last n rows produce
B. For the output-error minimization method, construct yN (0) and
U from Eq. (63) and solve for B and D by computing U †yN (0). The
� rst n elements of U †yN (0) form the initial state vector x(0), the
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second mr elements give the r column vectors of D, and the last nr
elements produce the r column vectors of B .

8) Find the eigenvalues and eigenvectors of the realized state
matrix and transform the realized model into modal coordinates to
compute system damping and frequencies.This step is needed only
if modal parameter identi� cation is desired.

9) Calculate mode singular values (see Ref. 6) to quantify and
distinguish the system and noise modes. This step provides a way
for model reduction using modal truncation.

The computationalsteps reduce to those for the ERA/DC method
shown in Ref. 6 when the output data are the pulse response time
history.Assume that a pulse is given to excite the system at the time
step zero. Let k D 1 in step 2. The correlation matrices Ryu and
Ruu become null, and Rhh D Ryy is obtained. Theoretically, the
formulation, Rhh D Ryy ¡ Ryu R¡1

uu RT
yu , should not be used for

computation of Rhh if Ruu is not invertible. For the special cases
such as free-decay and pulse responses, Rhh reduces to Ryy when
the integer k is chosen at the point where the input signal vanishes.

The informationmatrix may be computedusing the recursivefor-
mula presented in Appendix B of Ref. 8. The SRIM algorithm is
more ef� cient computationally than subspace model identi� cation
(SMI) techniques.2,3 The SMI techniques require a Q R factoriza-
tionof a largematrix [U T

p (k) Y T
p (k)]T followedby a singularvalue

decomposition and the solution of an overdetermined set of equa-
tions. Furthermore, the proposed method using the concept of data
correlation permits more physical insight than the SMI techniques.

V. Illustrative Example
To illustrate the SRIM algorithm, an experimental example is

given using a truss structure tested at NASA Langley Research Cen-
ter. Figure 1 shows the truss structure used. The L-shaped structure
consists of nine bays on its vertical section and one bay on its hor-
izontal section, extending 90 and 20 in., respectively. The shorter
section is clamped to a steel plate, which is rigidly attached to the
wall. The squarecrosssectionis 10£10 in.Two cold air jet thrusters,
located at the beam tip, serve as actuators for excitation and con-
trol. Each thruster has a maximum thrust of 2.2 lb. Two servo-
accelerometers located at a corner of the square cross section pro-
vide the in-plane tip acceleration measurements. In addition, an
offset weight of 30 lb is added to enhance the dynamic coupling be-
tween the two principal axes and to lower the structure fundamental
frequency.For identi� cation,the truss is excitedusingrandominputs
to both thrusters. The input–output signals are sampled at 250 Hz
and recorded for system identi� cation. A data record of 2000 points
is used for identi� cation.

Table 1 lists the modal frequencies and damping ratios identi� ed
using the partial decompositionmethod for determining A and C in
conjunctionwith the output-errorminimizationmethod for comput-
ing B and D. The initial index p is arbitrarilyset as shown in Table 1
to make the maximum system order, pm D 10, 20, 30, 40, 50, 100,
and 200. The singular values truncation is used to reduce the order
of system model to 6. The last column in Table 1 (Error max SV)

Fig. 1 Truss structure test con� guration.

Table 1 Identi� ed modal parameters obtained by the partial
decomposition method with singular values truncation

Mode 1 Mode 2 Mode 3 OEMa

Freq, Damp, Freq, Damp, Freq, Damp, error,
p Hz % Hz % Hz % max SV

5 5.89 2.48 7.29 1.54 48.5 1.19 621.77
10 5.88 2.08 7.30 0.99 48.2 0.71 545.58
15 5.88 1.10 7.30 0.51 48.0 0.99 365.04
20 5.88 0.62 7.29 0.38 47.5 2.06 264.57
25 5.87 0.46 7.29 0.42 47.4 2.44 207.63
50 5.86 0.44 7.29 0.41 48.4 0.46 174.25

100 5.85 0.43 7.28 0.43 48.6 0.07 167.64

aOutput-error minimization method.

Table 2 Identi� ed modal parameters obtained by the partial
decomposition method with modal truncation

Mode 1 Mode 2 Mode 3 IDMa OEMb

Freq, Damp, Freq, Damp, Freq, Damp, error, error,
p Hz % Hz % Hz % max SV max SV

5 5.89 3.50 7.28 2.30 49.0 1.13 817.99 735.99
10 5.87 0.65 7.29 0.47 48.6 0.74 262.81 202.84
15 5.85 0.40 7.28 0.41 48.6 0.46 197.32 171.33
20 5.85 0.37 7.28 0.41 48.7 0.44 216.79 174.46
25 5.85 0.38 7.28 0.42 48.7 0.64 203.56 174.06
50 5.85 0.38 7.28 0.44 48.6 0.47 198.69 175.11

100 5.85 0.40 7.28 0.45 48.5 0.30 194.58 174.02

aIndirect method. bOutput-error minimization method.

gives the largest singular value of the error matrix between the real
output and the output reconstructed from the identi� ed system ma-
trices using the same input signal. The error matrix has the size of
m £ ,̀ where m is the number of outputs and ` the length of the
data. As shown in Table 1, the output error decreases continuously
as p increases from 5 to 100. The speed of decreasing the output
error is quite slow from p D 50 to 100. The frequencies identi� ed
for all different p are quite close, whereas the damping ratios range
from 2.5 to 0.4% for the � rst mode, from 1.5 to 0.4% for the second
mode, and from 1.2 to 0.07% for the third mode.

Results from the indirect and direct methods for computing B
and D are not shown because they produce the output errors several
ordersofmagnitudehigherthan theonesshownin Table1. As shown
in Ref. 8, both methods work � ne for the simulationdata with input
and output noises assumed to be white random, Gaussian, and zero
mean. Therefore, it is believed that the noise nonlinearities are the
major causes for the problem of using indirect and direct methods.
From this example, one may conclude that the indirect and direct
methods should not be used in practice for computing B and D
if A and C are obtained by the reduced model via singular values
truncation.

Table 2 lists the modal frequenciesand damping ratios identi� ed
using the partial decomposition method for determining A and C
with the indirect method for computing B and D without singular
values truncation. The full-size model is then reduced to the order
of 6, including only those modes of interest. The reduced model is
used to compute the outputerror.The outputerror decreasesquickly
when p increases from 5 to 10 and reaches a minimum at p D 15.
It increases slightly again and then reduces to another minimum
at p D 100. However, the minimum 194.58 at p D 100 does not
improve much from the minimum 197.32 at p D 15. Similar to
Table 1, the frequencies identi� ed for all different p are very close,
whereas the damping ratios range from 3.5 to 0.4% for the � rst
mode, from 2.3 to 0.45% for the second mode, and from 1.13 to
0.3% for the third mode.

The reader should not be surprised with the similarity in modal
parameters in Tables 1 and 2 because both share the same observ-
ability matrix before singular values truncation. Table 1 shows the
modal parameters computed after singular values truncation, i.e.,
some columnsof observabilitymatrix correspondingto small singu-
lar valuesare truncated.On the other hand,Table 2 shows the modal
parameters computed from the full-size observability matrix. The
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modal parameters shown in Table 2 are the ones chosen to represent
the system.

The question may arise as to whether the output errors in Table 2
may be reducedif B and D are recalculatedvia theoutput-errormin-
imizationmethodusing the same A and C . The questionis answered
by the last column of Table 2. Indeed, the output errors are some-
what improved for all cases. The output error 171.33 for p D 15 in
Table 2 is better than 174.25 in Table 1 at p D 50. This indicatesthat
the combination of singular values truncation with the output-error
minimization may not produce the global minimum for any given
p. As a result, it seems clear that the modal truncation combined
with the output-error minimization method is a good method to do
model reduction.

VI. Concluding Remarks

The main contributionof this paper is the development of a new
system realization algorithm using the information matrix as the
basis for computing system matrices. The algorithm uses a data
correlationmatrix to compute an observabilitymatrix via the singu-
lar value decomposition.The data correlationmatrix is formed from
the autocorrelationmatrix of the shifted output data subtracted by
the cross correlationbetween shifted input and outputdata weighted
by the inverse of the autocorrelationmatrix of the shifted input data.
The observability matrix is then used to compute the state matrix
and the output matrix. Two computational methods are presented
including a full decompositionmethod and a partial decomposition
method to determine the state matrix and the output matrix. The
partial decomposition method seems easier to use than the full de-
compositionmatrix becauseit eliminates the need for singularvalue
truncation. In practice, there are no zero singular values regardless
of how clean the data sequence is. To determine how many singular
values shouldbe truncatedrequiresengineeringjudgment or special
techniquessuch as sensitivityanalysis.Based on the computed state

and output matrices, three methods are described, including the in-
directmethod, the directmethod, and the output-errorminimization
method to compute the input matrix, the direct transmissionmatrix,
and the initial state vector. When the input and output noises are
white, Gaussian, and zero mean, any combinationof these methods
performs well. For other noises, any combination also works well
if no singular value truncation is conducted. With singular value
truncation for model reduction, the combination of partial decom-
position algorithm with the output-errorminimization works better
than the other methods but is comparable to the modal truncation
technique.
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