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System Realization Using Information Matrix

Jer-Nan Juang*
NASA Langley Research Center, Hampton, Virginia 23681-0001

A generalized version of the information matrix is introduced consisting of the autocorrelation and cross-
correlation matrices of the shifted input and output data. Based on the concept of data correlation, a new system
realization algorithm is developed to identify a model directly from input and output data. The algorithm starts
with computing the information matrix to derive a special correlation matrix that in turn produces the system
observability matrix and the state-vector correlation. A system model can then be identified from the observability
matrix in conjunction with other algebraic manipulations. The algorithm leads to several different methods for
computing system matrices to represent the system model. An experimental example is given to illustrate the
validity and usefulness of these methods with some comparison.

Nomenclature

= state matrix, n X n

= input influence matrix, n x r

= ith columnof B, n x 1

= output influence matrix, m x n

= direct transmission matrix, m X r

= ith columnof D, m x 1

= identity matrix of order i

= time index

= datalength

= number of outputs

= order of the system

= number of zero singular values

= observability matrix, pm x n

working matrices

= integer determining the maximum order of the
system

= information matrix, p(m +r) x p(m +r)
fundamental SRIM correlation matrix, pm X pm
autocorrelation of input vector, pr x pr

= cross correlation of input and output vectors,

pr X pm

= cross correlation of state and input vectors,n X pr
= autocorrelation of state vector,n X n

= state-related correlation matrix, n X n

= cross correlation of state and output vectors,

nx pm

= autocorrelation of output vector, pm x pm

= number of inputs

= Toeplitz matrix, pm X pr

= left singular matrix

special force matrix at time index k, m X r

= columns of left singular matrix correspondingto
nonzero singular values

input matrix containingu (k) up tou ,(k + N — 1),
pr x N

columns of left singular matrix correspondingto
zero singular values

working matrices

input force vector at time index k, r x 1

ith input force at time index k

u,(k) vector containingu(k) uptou(k + p — 1), rp x 1
u)y, (k) = vector containingu(k) uptou(k + N — 1), pN x 1
1% = right singular matrix

N
=
S
~
N
1l

so= o=
[SEERSEER

=
=

=
=

TA AN AR TOQTITINT=RgOATH
|

Se<]N
z
I

U, (k) =
I/{Q =
uOn s I/{OT =

u(k) =
u; (k) =

Received Feb. 23, 1996; revision received Dec. 23, 1996; accepted for
publication Dec. 23, 1996. Copyright © 1997 by the American Institute of
Aeronautics and Astronautics, Inc. No copyright is asserted in the United
States under Title 17, U.S. Code. The U.S. Government has a royalty-free
license to exercise all rights under the copyright claimed herein for Govern-
mental purposes. All other rights are reserved by the copyright owner.

*Principal Scientist, Structural Dynamics Branch. Fellow AIAA.

492

X (k) = matrix containingx(k) uptox(k + N —1),n x N

x(k) = state vector at time index k, n x 1

Y, (k) = output matrix containingy,(k) toy,(k + N — 1),
pmx N

y(k) = output measurement vector at time index k, m x 1

yp(k) = vector containingy(k) uptoy(k + p — 1), pm x 1

r = working matrix

X = singular value matrix

z, = diagonal matrix containing nonzero singular values

G = ith singular value

0; = zero square matrix of order i

0;x; = zero rectangular matrix of dimension i by j

I. Introduction

ECENTLY, systemidentificationhas gained much attentionfor

activecontrol of flexible structuresincludingacousticnoise re-
duction,jitter-inducedvibrationsuppression,and spacecraftantenna
fine pointing. In practice, controller designs based on analytical
models will not work the first time. In most cases, the reason is that
the analytical models used in the controllerdesigns are not accurate
enough to meet specified performance requirements. As a result,
most practicing engineers conduct experiments to either tune the
controller parameters or identify mathematical models of sufficient
fidelity from input and output data. In addition to the identification
of system models, most robust control methods require some type
of information about the model uncertainties.

This paper is motivated by the need to improve system identi-
fication techniques such as those in Refs. 1-3. These techniques
require a QO R factorization of a large Hankel matrix followed by a
singular value decompositionand the solution of an overdetermined
set of equations. Computational time and numerical accuracy be-
come an issue when the length of measurementdata is considerably
long. The initial attempt is to find an alternate procedure for these
techniquesto perform system identification more efficiently in com-
putation. The approachis to use the concept of data correlations as
presented in Refs. 4-6. As a result, a new algorithm called sys-
tem realization using information matrix (SRIM) is developed. The
information matrix is similar to the one defined in Ref. 7 for the
frequency-domain analysis, but it has a general form consisting of
shifted input and output data correlations in the time domain or
frequency domain. A special correlation matrix is introduced and
computed from the information matrix. The special correlation ma-
trix reduces to the shifted data correlation of the pulse response
if the output is a free-decay response generated by a pulse input.
The SRIM algorithmincludes several methods with different merits
for computing system matrices including the state matrix, the input
and output matrices, and the direct transmission matrix to form a
discrete-time model.

The eigensystem realization algorithm with data correlation
(ERA/DC)* uses the shifted data correlation of the pulse re-
sponse and factors the correlation matrix via the singular value
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decomposition to realize a set of system matrices. The pulse re-
sponse may be obtained by a pulse input or computed from input
and outputdata via the observer/Kalman filter identification (OKID)
technique?’ Thus, the SRIM algorithm presented in this paper may
be considered as an extension of the ERA/DC for system identifi-
cation directly from input and output data.

To derive the SRIM algorithm, we start with the description of
a discrete-time state-space model and give some key definitions,
such as the observability matrix and the Toeplitz matrix. It follows
by the development of the state-space model realization to compute
the system matrices. Then the computational steps are provided
for the algorithm. Finally, an experimental example is given for
illustration.

II. State-Space Model

A deterministic linear time-invariant system is commonly repre-
sented by the following discrete-time state-space model®:

x(k + 1) = Ax(k) + Bu(k)

y(k) = Cx(k) + Du(k) ey

where x(k) is an n x 1 state vector at time index k, u(k) is an
r x 1 input vector correspondingto r inputs, and y(k) is an m x 1
output vector associated with m sensor measurements. The system
matrices A, B, C, and D with appropriate dimensions are unknown
to be determined from given input and output data, i.e., u(k) and
y(k) fork=0,1,2,..., %L

With some algebraic manipulations, Eq. (1) produces

y(k) C
yk+1) CA
y(k+2) = CA? | x(k)
yk+p—1) CAP-!
r D
CB D
+| CAB CB D
| CAP=2B CAP~3*B CA’?"*B -.- D
RCI)
utk+1)
X uk +2) 2)
Lutk+p—1)

where p is an integer depending on the size of the system model,
i.e.,dimension of A. The choice of p will be shown later. Let y ,(k),
O,, and 7, be defined as

y(k)
y(k+1)
yp(k) = y(k+2)
yk+p—1)
C u(k)
CA u(k + 1)
0,=| ca2 u, (k)= | uk+2) 3)
CAP~! uk+p—1
D
CB D
7,=| CAB CB D
CA’-2B CA? 3B CA?~*B --- D
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Equation (2) thus becomes
yp(k) = Opx(k) + Tpu, (k) 4)

The matrix O, of dimension pm X n is commonly called the ob-
servability matrix and is formed from the state matrix A and the
output matrix C. The matrix 7, of dimension pm x pr is a gener-
alized Toeplitz matrix formed from the system Markov parameters
D and CA*B fork =0, 1, ..., p — 2. Note that 7, is unique even
though A, B, C, and D are not unique, because the system Markov
parameters D and C A* B are unique. The use of Eq. (2) to realize a
system model is presented in the following section.

ITII. State-Space Model Realization

In state-space system identification, the goal is to determine the
unknownmatrices A, B, C, and D, which are embeddedin matrices
O, and 7,. One approach starts with computing O, and 7, from
known input and output data. With O, computed, the output matrix
C is the first m rows of O,. Define O,(m + 1 : pm,:) as the
matrix consisting of the last (p — 1)m rows, i.e., from (m + 1)th
row to the (pm)th row, and all columns of O,,. Similarly, define
O,l1: (p — 1)m, :] as the matrix formed using the first (p — 1)m
rows and all columns of O, i.e.,

CA
CA?
O,(m+1:pm,:)=| CA?
cart
(5)
C
CA
O,1:(p—1)m,:]1=| CA?
Car
which yields the following equality:
CA C
CA? CA
O,m+1:pm,:)=| CA> |=| CA* |A
cAr- car-
=0,[1:(p—Dm,:]A (©6)

Note that the colon by itself in place of a subscript denotes all of
the corresponding row or column. The state matrix can then be
computed by

A=O001:(p—1m,:10,(m+1:pm,:) @)

where 1 means the pseudoinverse. Note that the integer p should
be chosen such that the matrix O,(m + 1 : pm, :) of dimension
(p — 1)m x n has rank larger than or equal to n, i.e.,

(p—Dm=n = p=>n/m)+1 8)

where n is the order of the system.

Similarly, the first m rows and the first » columns of the matrix 7,
shown in Eq. (3) constitute the direct transmissionmatrix D. Define
Tlm+1:(p—1)m,1 :r]as the matrix formed by deleting the
first m rows of the first r columns of 7,, i.e.,

CB C
CAB CA
Tm+1:(p—1m,1:r]= . = . B
CA?~’B CAP—2

=0,[1:(p—1m,:1B 9)
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Equation (9) clearly produces
B=(’);[1:(p—l)m,:]T[m—l—l:(p—l)m,l:r] (10)

To determine O, and 7,,, first expand the vector equation, Eq. (4),
to a matrix equation, i.e.,

Y, (k) =0,X(k)+T,U,(k) (11)
where
X(k)y=[x(k) x(k+1) x(k+ N —1)]
Y,(k) =ly,(k) y,(k+1) Yok +N—1)]
y(k) yk+1) yk+N—1)

yk+1) y(k+2) y(k+ N)

Lyk+p—1) yk+p) yk+p+N-2)

U,(k) =[u,(k) u,(k+1) u,(k+ N —1)] (12)
u(k) utk +1) utk+ N —1)

uk +1)  ulk+2) u(k + N)

_u(k—l—'p—l) u(k;l—p) u(k—l—p;i—N—Z)

The integer N must be sufficiently large such that the rank of ¥, (k)
and U, (k) is at least equal to the rank of O,. Equation (11) is the
key equation to be used to solve for O, and 7, which includes the
input and outputdata information up to the data pointk+p+ N —2.
Because the datamatrices Y, (k) and U, (k) are the only information
given, we must focus on these two matrices to extract other infor-
mation necessary to determine the systemmatrices A, B, C, and D.
Let us define the following quantities:

Ry = (UNY,(RYI(K) Ry =1/ N)Y, (U (k)

Ruw = (1/N)U,,(k)U;'(k) R = (U N)X()XT (k) (13)

Ry = (I N)Y, (k)X (k) R = (1/ N)X(k)U;'(k)
where N = £ — p, with £ being the data length and p the data
shift. The quantities Ry, R, and Ry, are symmetric matrices.
The square matrices R, (mp x mp), R,, (rp X rp), and R,
(n x n) are the autocorrelationsof the output datay with time shifts,
the input data u with time shifts, and the state vectorx, respectively.
The rectangular matrices R, (mp X rp), Ry, (mp x n), and Ry,
(n x rp) represent, respectively, the cross correlations of the output
data y and input data u, the output data y and the state vector x,
and the state vector x and the input data u. When the integer N
is sufficiently large, the quantities defined in Eq. (13) approximate
expected values in the statistical sense if the input and output data
are stationary processes satisfying the ergodic property.

In view of Eq. (13), postmultiplying Eq. (11) by U} (k) and then
dividing it by N yields

Ryu = Opru + 7;1721414 (14)
which, if R} exists, yields
7;1 = [Ryu - Opru]R;ul (15)

The inverse matrix R exists only when integers p and N are

uu

properly chosen such that R, has at least rank rp. Similarly, post-
multiplying Eq. (11) by ¥ (k) yields

Ry, = ORI + TR, (16)
and postmultiplying Eq. (11) by X7 (k) gives

Ry =O,Ryx + T,,R)’m 17)
Substituting Eq. (15) for 7, into Egs. (16) and (17) and the resulting
equation for R, into Eq. (16) produces

Ry — RyuRyp Rl = O,R..O) —O,R,/R,/RLO (18)

uu yu uu " Vxu
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Now define
Rin = Ry — Ry R R, (19)
and
Ree = R = RuRu R, (20)
Equation (18) becomes
R = O, R, O} (1)

Equation (21) is the key equation to be used for determinationof the
system matrices A and C. The quantity R, is determined from the
output autocorrelation matrix R, minus the product of the cross-
correlation matrix R, and its transpose weighted by the inverse of
the input autocorrelation matrix R,,,,. The quantity R, exists only
if the input autocorrelationmatrix R, is invertible. The symmetric
matrix R, is invertibleif the input signal u(k) fork = 1,2, ..., £
is rich and persistent, which results in a matrix U, (k) of full rank,
i.e., rp. Assume that the input signal u(i) for i > k is uncorrelated
with the state vector x(k) at time step k. In other words, the current
and future input data are uncorrelated with the current state. In this
case, the cross-correlation matrix R, becomes an n X rp zero
matrix and the matrix R, defined in Eq. (20) reduces to R,, . For
example, if the inputu is a zero-mean, white, and Gaussian random
signal, then R,, = R, when the data length is sufficiently long,
i.e, N = oo in theory.

Let R be defined as
Ry Ry Y, (k) " "
= > = Y'ky UT(k 22
R [R;H ro | = | oo | [0 UE0] @2

The matrix R is defined here as the information matrix, which is
formed by the correlation matrices Ry, R,,, and R,, of shifted
input and output data. The information matrix contains all of the
informationnecessary to compute the system matrices A, B, C, and
D. Factoring R yields
- |:R?. Ry“} _ [ L Ry“Ruu‘i|
Ryu Ruu Oprx pm 1

pr

x [ th Opmxpr} [ Ipm Opmxpr} (23)
Oprspm  Ruu R Ry I,

where 1,,, (or I,,) is an identity matrix of order pm (or pr) and
Opmx pr OF Oy o) is @ pm X pr (or pr x pm) zero matrix. The
productof a matrix and its transpose s either a positive semidefinite
or a positive definite matrix, depending on the rank of the matrix
itself. Therefore, the matrix product on the left-handside of Eq. (23)
is a positive semidefinite or a positive definite matrix. In the matrix
triple product on the right-hand side of Eq. (23), the left matrix and
its transpose (i.e., the right matrix) are both of full rank. This means
that R, mustbe a positive semidefinite or a positive definite matrix,
ie.,

R =0 (24)

for the case when R, > 0 (positive definite), which is required for
the existence of R}

The left-hand side of Eq. (21), i.e., the symmetric matrix Ry, is
known from input and output data, whereas the right-hand side is
formed from the product of the rectangularmatrix O, of dimension
mp X n, the symmetric matrix R,, of dimensionn x n, and the
transposeof O,. Itis very clear that the matrix R, must be factored
into three matrices in order to solve for the observabilitymatrix O,,.
That is, indeed, the approach to be taken in the following section.

A. Computationof A and C

Two methods for computing A and C are shown in this section.
One method decomposes the full matrix R, and, thus, is called the
fulldecompositionmethod. The other method decomposesa portion
of R, and is referred to as the partial decomposition method.
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1. Full Decomposition Method

Given the matrix R, computed from the input and output data,
the matrix decomposition method starts with factoring R, into the
product of three matrices. The singular value decomposition is the
obvious choice to perform the matrix factorization.

Taking the singular value decompositionof the symmetric matrix
th ylelds

2 T
Ry =UZUT = U, U] [ =i Oncno } [u’?_ } =U, 22U’
Ono xn Ono uol e

(25)

The integerng = pm — n is the number of dependentcolumns in

Rins 0 xno 18 an n X ng zero matrix, and 0,, is a square zero matrix

of order ny. The pm x n matrix U, corresponds to the n nonzero

singular values in the diagonal matrix X,, whereas the pm X ng

matrix U is associated with the n( zero singular values. Combining
Eq. (21) with Eq. (25) thus produces

Rin = O, R OF = Uy Z2U! (26)
The last equality produces one solution for O, and 7~2XX, ie.,
0, =U, 27
and
Rux = 2} (28)

Equation (27) implies that the pm X n matrix U,, computed from
the correlation matrix R, is a representation of the observability
matrix O, and can be used to solve for the output matrix C and the
state matrix A using Eq. (7). The first m rows of U, constitute the
output matrix C. ~

Equation (28) gives the correlation R,,, defined in Eq. (20), as
the singular value matrix X2 of the correlation matrix R;;,. For
the case where the inputu is a zero-mean white noise sequence, the
correlation R, reducesto R, defined in Eq. (13), which is nothing
but the correlation of the state vector x. The diagonal nature of X2
implies that all individual elements of the state vector x are linearly
independent and orthogonal (uncoupled). Each individual element
of the state vector x(k) represents one coordinate. The importance
of each coordinate can then be measured by the magnitude of its
corresponding singular value.

Let the diagonal matrix X, be denoted by

o 0 -+ 0
. 0 o -+ 0
2, =diaglo), &, ..., ql=1| . . | . (29)
0 0 c,
with monotonically nonincreasingo; (i =1, 2, ..., n):
o >0 > >202>0

Accordingly, the strength of the elements (coordinates) in the state
vector x(k) can be quantified by the singular values. Assume that
the singular values ;. 4, . .., ¢, are relatively small and negligible
in the sense that they contain more noise information than system
information. As aresult, the coordinates correspondingto the singu-
lar values o, {, .. ., o, are negligible in comparison with the other
coordinates. The order of the system may then be reduced from n
to i by deleting singular values ¢4, . .., G,.

In practice, none of the singular values will be identically zero
because of system uncertainties and measurement noise, implying
thatng = 0, n = pm, and Uy = [ ] (empty) without singular values
truncation. The observabilitymatrix O, shown in Eq. (27) becomes
a square matrix because U, obtained from Eq. (26) is a pm x pm
matrix. The equality, Eq. (8), is violated indicating that Eq. (7) can-
not be used to solve for the state matrix A. If none of the singular
values are zero, at least m smallest singular values must be consid-
ered as zero in order to use the full decompositionmethod. In other
words, the last m columns of I/, must be truncated and treated as
Uy. To overcome this problem, another method is presented in the
following section.
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2. Partial Decomposition Method

Regardless of what integer p is chosen, the minimum value of
no must be m (the number of outputs) to make n < pm and then
satisfy the equality constraint,Eq. (26). There is one way of avoiding
any singular values truncation. Instead of taking the singular value
decomposition of the pm x pm square matrix Ry, let us factor
only part of the matrix, i.e.,

Rl 1:(p — Dm] =Uz?V7"

22 Onxn VT T
= u’][ " ’ } [ } =V, (30
CLO0wxn Oupxne | LVS

The dimension of Ry,[:, 1 : (p — )m] is pm x (p — 1)m, i.e.,
there are more rows than columns. The integer n, indicates the
number of zero singular values and also the number of columns
of V. The integer n;, is the number of columns of ¢/; that are or-
thogonal to the columns of /] . For noisy data, there will not be any
zerosingular values,i.e.,ny = 0.If no singular values are truncated,
one obtains n;, = m. If some small singular values are truncated, n;,
becomes the sum of m and the number of truncated singular values.
In other words, there are at least m columns of I that are ortho-
gonal to the columns of U/ in Eq. (30). From Eq. (26), it is easy to
show that

Rl 11 (p— DHml = O, RO, 12 (p— Dm] = U, Z2V!
(31)

which yields one solution,

O,=U, RO 1:(p—Dml=32V]  (32)
The second equation in Eq. (32) does not imply that R = 22 or
(’)I’,[:, 1:(p—1m] = V! ifthe firstequationmust be satisfied. One
important feature of this approach is that there are always enough
columns of U for use in computing A and C with or without
singular values truncation. The disadvantage is that the singular
values do not represent the correlation of the state vector anymore.

B. Computationof B and D

Similar to computing A and C, there are three methods available
for computing B and D. The first method, called the indirectmethod,
uses the column vectors, which are orthogonalto the column vectors
of the observability matrix. The second method makes direct use of
the observability matrix and is referred to as the direct method.
The third method minimizes the outputerror between the measured
output and the reconstructedoutput. The reconstructed outputis the
output time history obtained using the input time history to drive
the identified system model, which is represented by the computed
matrices A, B, C, and D.

1. Indirect Method

With A and C known, the input matrix B and the direct transmis-
sion matrix D can be computed from the Toeplitz matrix 7, defined
in Eq. (3). To formulate an equationto solve for 7,, one must find a
way to eliminate the term associated with the observability matrix
O, from Eq. (14).

In view of Egs. (25) and (27), premultiplying Eq. (14) by ;] and
using the orthogonality property of U, and U, yields

ugl Ryu = u(;rl]-pRuu

-1
uu

Postmultiplying the preceding equation by R | results in

UIT, = U R, R, (33)

Equation (33) is the fundamental equation to solve for the input
matrix B and the direct transmission matrix D. Note that Eq. (33)
by nomeansimpliesthat7, = R,, R, becauseld] isarectangular
matrix of dimensionng x mp with ny < mp. The right-handside of
Eq. (33) is aknown quantity, whereas the left-hand side contains the
matrix 7,, which is partially known including A and C and partially
unknown including B and D. Therefore, one must partition the
matrix 7, into two parts to extract matrices B and D.
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Let 7, be partitioned as

T, ={7,;;1:r) T,(;,r+1:2r) T,[:, (p—Dr+1: prl}

(34)
From Eq. (3) for the definitions of 7, and O, and Eq. (27), one
obtains

f]' . 1. —_ D
VD = (= ym. 1B

O x r
T,(:,r+1:2r) = D
| U1 (p—2)m,:]B |
B O xr T G5
T,(5,2r+1:3r) = D
LU (1 :(p—3)m,:]B |

O —1)m xXr
Tp[:,<p—1>r+1:pr]=[<”g }

with 0;,; being a zero matrix of dimensioni x j. The product of
Ul T, becomes

UT,(1:r)y=Ul(:;,1:m)D

+UJ (om+1: pm)U,[1:(p—1)m,: 1B
U T,(or+1:2r)=U] (;,m+1:2m)D

+UL L 2m+ 1 pm)U,[L: (p—2)m, 1B (36)
UgT, (5, 2r+1:3r)=Uy (:,2m+1:3m)D

+US(3m+ 1 pm)U,[1: (p—3)m,:]1B

U T, (p—Dr+1:prl=Uj[:,(p — )m + 1 : pm]D

Equation (36) can be rewritten in the following matrix form:

JUANG

The first m rows of L{Jnuof[ form the matrix D, and the last n rows
produce the matrix B.

Equation (40) has a unique least-squares solution for B and D
only if the matrix Uy, has more rows than columns. Because the
dimension of Uy, is pny x (m + n), the integer p must be chosen
such that png > (m + n), where ny = pm — n, with n being the
order of the system. For example, if p is chosentobe (p —1)m > n,
then the minimum requirement for ng is ny = m. This indicates that
the order of the system must be determined such that pny > (m+n)
is satisfied, in particular, for the case where all of the singular values
beyond o, [see Eq. (29)], i.e., Gy41, . . ., Oy, are not exactly zeros
but small quantities.

For small ny, computing B and D from Eq. (40) is quite efficient
in time. In practice, the integer n, results from truncating small but
nonzero singular values. The truncation error may in turn introduce
considerableerrorin the computed results for B and D. An alternate
method for computing B and D without using the matrix U, asso-
ciated with the zero singular values is presented in the following
section.

2. Direct Method

Instead of using U, to derive Eq. (33), the direct method depends
on the observabilitymatrix O, to formulate an equationto solve for
B and D. The approach used to derive the direct method is similar
to that for the indirect method.

First, use the notation X (k) defined in Eq. (12) and the state
equation, Eq. (1), to form

Xtk+1) =x(k+1) x(k+2) x(k+ N)]
= AX(k) + Bu, (k) (41)
where u)y, (k) is defined as
Wy (k) = [u(k) u(k+1) uk+N—-1) (42
Substituting Eq. (41) into Eq. (11) yields
Y,(k+1) = O,X(k+ 1)+ T,U,(k + 1)

= 0,AX (k) + O, Buy(k) + T, U, (k + 1)

b —0AX() +(0,8 Ty| “v®
UOT - uOn B (37) - P P P Up(k + 1)
where = 0,AX(k) +(O,B T,)U,.(k+1) (43)
Ul T,(:,1:r) Uulc,1:my Ul Cm+ 1 pm)Uy[1: (p — Dm, ]
UTT,(or+1:2r) U (,m~+1:2m) Uy (= 2m + 1 pm)U,[1: (p—2)m, :]
Uy = UIT,(:2r+1:3r) Uy, = Ul (:,2m +1:3m) UT (5, 3m+ 1 pm)U,[1: (p—3)m, ]
Uy T, (p— Dr+1: pr] UL (p—Dm +1: pm] O xcn

The dimension of Uy is png x pr, whereas the dimension of U,
is png x (m + n). Let the right-hand side of Eq. (33) be denoted by
UOR = u(;rRyuRil (38)

uu

where Uyr is an ny x pr matrix. Equation (37) shows that U7 is
thus given by

Ur(:,1:1)
Ur(:r +1:2r)
Ut =

Usr (5, 2r +1:3r) (39)

Uprl:, (p = Dr 411 pr]
and B and D can be computed by

D B
|:B:| = Uy, Ut (40)

From Eq. (11), the least-squares solution for X (k) is
X(k) = O} 1Y, (k) — T,U, (k)] (44)
Using Eq. (44) for X (k), Eq. (43) produces
Y,(k+1) — (’)pA(’); Y, (k)
= —0,A0\T,U,(k) +10,B  T,1U, . (k+1)
={10,B T,1-[0,A0!T, 0ps.|JUpii(k+1)
=TU,, (k+1) (45)
where 0, is @ pm X r zero matrix and
r=[0,B 7,1-[0,A0\T, 0,,..] (46)

Note that O, B is a pm X r matrix, whereas (’),,A(’);T,, isa pm x pr
matrix because 7, is a pm X pr matrix. Because the dimensions
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of O,B and O,AO}T, are not the same, they may not be di-
rectly added to become a single matrix. Similarly, 7, and 0,
cannot be directly subtracted. However, either [O,B 7,] or
[0,AOT, Opwx,]is a pm x (pr+ r) matrix. Postmultiplying
Eq. (45) by U;'H(k + 1) thus results in

Ryulm+1:(p+Dm,:1— 0,AO0 R, (1: pm,:) = T'R,,
(47

—AO}(:, 1:m)

{03 1:m) = AO)Im +1:2m,:1)

O, (p— Dm +1: pm]

where

Ruw = (I NYU, 41 (k + 1DUT,  (k+1)

) ! 48)
Ry = (/N)Y, 1 1(k+ 1)Ulf+1(k+ 1)

-1
uu

Now premultiplying Eq. (48) by O} and postmultiplying by R
yields

(’);fzy“[m +1:(p+1Dm, SR

uu

—AOIR,(1: pm, )R, = O (49)

uu

where (’);(’),, = I, has been applied. With input and output data
given and A and C determined, all quantities on the left-hand side
of Eq. (49) are computable. The unknown matrices B and D are
embedded in the matrix I". Similar to Eq. (36) for computing the
product of U] T,,, matrix O} I" may be computed as follows:

O'r=[B 0/7,]-[A0!T, 0,...] (50)

Similar to Eq. (36) with the use of the alternate expression for the
pm x pr matrix 7, shown in Eq. (35), one obtains

OIr(:,1:r)=—A0!(:,1:m)D
+B— A0 (:,m+1: pm)O,[1:(p—)m,:]B
OII(s,r+1:2r)=[O}(:, 1 :m) — AO}(:,m + 1 : 2m)|D
+{O5Com+1: pm)O,[:,1: (p = Dim]
—AO(:,2m+1: pm)O,[1: (p—2)m,:1}B
O'I(:,2r +1:3r) =[O} (..m +1:2m) (51)
— AOI(:,2m +1:3m)|D
+{O) G 2m 41 pm)O, [, 1 (p—2ym]

—AOI(:,3m+1: pm)O,[1: (p —3)m, ;]}B

O, pr+1:(p+1rl=0}[:,(p—1)m+1: pm]D

Similar to Eq. (37), Eq. (52) can be rewritten in the following matrix
form:

Opr=0p| 5 (52)

[(’);(:,m +1:2m)— AO;(2m +1: 3m, :)]
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where

(’);F(:,l ir)
(’);F(:,r-i—l :2r)
O)I(:,2r +1:3r)

(’);F(:,pr—l—l:(p—l—l)r)

{I,, — A0 (:,m+1: pm)O,[1:(p— )ym, :]}_
{(’);( sm+1:pm)O,[, 1 (p— Dm]
— A0 (5, 2m+1: pm)O,[1: (p —2)m, :]}

{(’);(:, 2m +1: pm)O,[:,1: (p—2)m]
— A0} (5, 3m+1: pm)O,[1: (p —3)m, ;]}

On

Here I, is an identity matrix of order n, and 0, is a zero matrix of
order n. The quantity O, is a pn X r matrix, whereas O, is a
(p + Dn x (m + n) matrix. Let the left-hand side of Eq. (49) be
denoted by

O,r = O;ﬁy“[m +1:(p+Dm,: 1R}

uu

—AOIRy,(1: pm, )R, (53)
Equation (49) implies that
O,r(:,1:1)
O,r(:,r+1:2r)
Opr ==

O,R(:,2r +1:3r) (54)

Oprl: pr+1:(p+ Dr]

The matrices B and D can then be determined from Eq. (52) by

D—O*o 55
B_pAI’r (55)

The first m rows of (’);A O, r form the matrix D, and the last n rows
produce the matrix B.

Equation (55) has a unique least-squares solution for B and D
only if the matrix O, has more rows than columns. Because the
size of 0,4 is pn x (m + n), the integer p must be chosen such
that pn > (m + n), where n is the order of the system. The direct
method for computing B and D is, in general, more computationally
intensive than the indirect method. For example, when n = 10 and
p = 20, the number of rows in O,4 becomes (p + 1)n = 210.
However, there is no need to use all of the rows of O, 4 to solve for
B and D. It is sufficient to use the number of rows in O, and O, r
so that the rank is larger than m + n. Note that more rows in O, 4
and O, may improve the solution, particularly when considerable
system uncertainties are present.

The indirect and direct methods minimize the equation errors of
Eqgs. (37) and (52), respectively. This by no means implies that the
output error between the real output and the reconstructed output
is minimized. The reconstructed output here means the output time
history obtained using the input time history to drive the identi-
fied system model, which is represented by the computed matrices
A, B, C, and D. An alternate method is given in the following,
which minimizes the output error.

3. Output-Error Minimization Method

The output-error minimization method starts with rearranging
the output equation, Eq. (4). The rearrangement is performed to
formulate a linear equation that explicitly relates the output vector
to the elements of B and D. The least-squaressolution for B and D
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will then minimize the output error between the real output and the
reconstructed output.
Use Eq. (4) with p = N and k = 0 to obtain

Yy (0) = Onx(0) + Tyu,(0) (56)

The matrices B and D are embedded in the last term, Zyu,(0),
on the right-hand side of Eq. (56). How to extract B and D from
Eq. (56) will be shown as follows.

Let the column vectors in B and D be expressed as

=[b b, --- b] and D=[d d - d]
(57)

Each column vector b; (i = 1,2,...,r) has n elements, with n
being the length of the state vector, and each column vector d;
(i = 1,2,...,r) has m elements, with m being the number of
outputs. Let the vectors b and d be defined as

bl dl
b d

b=|" and d=|" (58)
br dr

The column vector b is nothing but the result of stacking together
all of the column vectors of the input matrix B whereas d includes
all of the column vectors of the transmission matrix D. Similarly,
let the input vector u(k) be explicitly written as

u; (k)
u(k) = "sz) (59)
ur&k)
where the quantities u;(k) fori = 1,2,...,r are scalar, with r

being the number of inputs.
Using b and d defined in Eq. (58) and 7y in Eq. (2), Ty u,(0) may
now be rewritten as

Tyu,(0) =
D ] u(0)
CB D u(l)
CAB CB D u(2)
CAV2B CANSB CAN-4B ... D | u(N'— 1)
_ o _
O mxXn
Z’El; CU(©0)
_ UQ) d+ CAUO)—!—C’U(l) b 60)
U(N— 1) Z CAV-*= Zu(k)
Lk=0
where 0,,  , is an m X n zero matrix,
Yky = [Lu (k) Lus(k) Lu, (k)]

and I,, and I, are identity matrices of order m and n, respectively.

The matrix size of ‘U, (k) ism xmr and UY.(k) isn x nr. The purpose

of rewriting the expression for Zyu,(0) is to move the unknown

quantities B and D outside the brackets as shown in Eq. (60).
Substituting Eq. (61) into Eq. (56) yields

yy(0) = 2O (62)

where
x(0)
o= 4
b
C ru,(()) O xn
ca YW Yo (63)
oo | €2 U@)  CAUO) + Y

CANU YN 1) 3 CAER Yk
k=0

The vector size ® is (n + mr + nr) x 1, and the matrix size @ is
mN x (n+mr +nr). The unknown vector ® can then be solved by

® =2y, (0) (64)

where § denotes the pseudoinverse. The least-squares solution ®
does not actually satisfy Eq. (62) when the system has input and
output noises. However, it minimizes the error between the actual
output vectory, (0) and the computed output vectory, (0) = @O.
Solving the least-squares solution ® can be very time consuming
because the number of rows in @ is m times the integer N (data
length). For example, the row number can be as large as 10,000 for
a system with m = 5 outputsand N = 2000 data points.

To this end, the SRIM algorithm has been developed. Two meth-
ods are presented for computing A and C, and three methods are
shown for calculating B and D. For the reader who is interested in
programming the algorithm, the computational steps are given in
the following section.

IV. Computational Steps

To better understand the computational procedure for the SRIM
algorithm, the computational steps are summarized as follows.

1) Choose an integer p such that p > (n/ m) 4+ 1, where n is the
desired order of the system and m is the number of outputs.

2) Compute correlation matrices R, of dimension pm x pm,
Ry, of dimension pm x pr, and R,, of dimension pr x pr as
defined in Eq. (13) using the matrices Y, (k) of dimension pm x N
and U, (k) of dimension pr x N defined in Eq. (12). The integer
r is the number of inputs. The index k is the data point used as
the starting point for system identification. The integer N must be
chosensuch that £ —k — p +2 > N > min(pm, pr), where £is
the length of the data.

3) Calculate the correlation matrix R, of dimension pm x pm
defined in Eq. (13), i.e., Run = Ryy — Ry R\ R,

4) Use singular value decomposmon to factor Ry, for the full
decomposition method [Eq. (25)] or a portion of R, for the partial
decomposition method [Eq. (30)].

5) Determine the order n of the system by examining the singular
values of R, and obtainlf, of dimension pm x n [Eq. (25)] and U
of dimension pm X n,, where nq = pm — n is the number of trun-
cated small singularvalues. The integerny must satisfy the condition
png > (m+n) for the full decompositionmethod. For the partial de-
compositionmethod, i, isreplacedby ¢/ [Eq. (30)], and the integer
ng is the sum of m and the number of truncated singular values.

6) LetU, = O, orU = O,. Use Eq. (7) to determine the state
matrix A. The output matrix C is the first m rows of U,,.

7) ComputeUpr = UL R,.'R;,,! shownin Eq. (38) for the indirect
method and construct I/{O,, and Uy shown in Egs. (37) and (39).
Determine the input matrix B and the direct transmission matrix
D from Eq. (40), i.e., the first m rows ofu Uy form D and the
last n rows produce B. For the direct method construct O, r and
0,4 from Eq. (52) and solve for B and D by computing (’) AO,r.
The first m rows of O, ,O,r form D, and the last n rows produce
B. For the output- error minimization method, constructy, (0) and
@ from Eq. (63) and solve for B and D by computing @'y, (0). The
first n elements of @'y, (0) form the initial state vector x(0), the
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second mr elements give the r column vectors of D, and the last nr
elements produce the » column vectors of B.

8) Find the eigenvalues and eigenvectors of the realized state
matrix and transform the realized model into modal coordinates to
compute system damping and frequencies. This step is needed only
if modal parameter identification is desired.

9) Calculate mode singular values (see Ref. 6) to quantify and
distinguish the system and noise modes. This step provides a way
for model reduction using modal truncation.

The computationalsteps reduce to those for the ERA/DC method
shown in Ref. 6 when the output data are the pulse response time
history. Assume that a pulse is given to excite the system at the time
step zero. Let k = 1 in step 2. The correlation matrices R, and
Ruu become null, and R;;, = R,, is obtained. Theoretically, the
formulation, Ry, = R,y — R,,/R,,! R;'“, should not be used for
computation of Ry, if R,, is not invertible. For the special cases
such as free-decay and pulse responses, R, reduces to R, when
the integer k is chosen at the point where the input signal vanishes.

The information matrix may be computedusing the recursive for-
mula presented in Appendix B of Ref. 8. The SRIM algorithm is
more efficient computationally than subspace model identification
(SMI) techniques?* The SMI techniques require a Q R factoriza-
tion of a large matrix [U;' (k) Y;' (k)]" followedby a singular value
decomposition and the solution of an overdetermined set of equa-
tions. Furthermore, the proposed method using the concept of data
correlation permits more physical insight than the SMI techniques.

V. Illustrative Example

To illustrate the SRIM algorithm, an experimental example is
given using a truss structure tested at NASA Langley Research Cen-
ter. Figure 1 shows the truss structure used. The L-shaped structure
consists of nine bays on its vertical section and one bay on its hor-
izontal section, extending 90 and 20 in., respectively. The shorter
section is clamped to a steel plate, which is rigidly attached to the
wall. The square crosssectionis 10 x 10in. Two cold air jet thrusters,
located at the beam tip, serve as actuators for excitation and con-
trol. Each thruster has a maximum thrust of 2.2 1b. Two servo-
accelerometers located at a corner of the square cross section pro-
vide the in-plane tip acceleration measurements. In addition, an
offset weight of 30 1b is added to enhance the dynamic coupling be-
tween the two principal axes and to lower the structure fundamental
frequency.Foridentification, the trussis excitedusingrandominputs
to both thrusters. The input-output signals are sampled at 250 Hz
and recorded for system identification. A datarecord of 2000 points
is used for identification.

Table 1 lists the modal frequencies and damping ratios identified
using the partial decomposition method for determining A and C in
conjunctionwith the output-error minimization method for comput-
ing B and D. The initialindex p is arbitrarily set as shown in Table 1
to make the maximum system order, pm = 10, 20, 30, 40, 50, 100,
and 200. The singular values truncationis used to reduce the order
of system model to 6. The last column in Table 1 (Error max SV)

Fig.1 Truss structure test configuration.
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Table 1 Identified modal parameters obtained by the partial
decomposition method with singular values truncation

Mode 1 Mode 2 Mode 3 OEM?
Freq, Damp, Freq, Damp, Freq, Damp, error,
p Hz %o Hz % Hz % max SV

5 589 2.48 7.29 1.54 48.5 1.19 621.77
10 5.88 2.08 7.30 0.99 48.2 0.71 545.58
15 5.88 1.10 7.30 0.51 48.0 0.99 365.04
20 5.88 0.62 7.29 0.38 47.5 2.06 264.57
25  5.87 0.46 7.29 0.42 47.4 2.44 207.63
50 5.86 0.44 7.29 0.41 48.4 0.46 174.25

100 5.85 0.43 7.28 0.43 48.6 0.07 167.64

2Qutput-error minimization method.

Table 2 Identified modal parameters obtained by the partial
decomposition method with modal truncation

Mode 1 Mode 2 Mode 3 IDM? OEMb

Freq, Damp, Freq, Damp, Freq, Damp, error, error,
p Hz % Hz % Hz % max SV max SV

5 589 350 7.28 230 49.0 1.13 81799 73599
10 587 0.65 729 047 486 0.74 262.81 202.84
15 585 040 728 041 486 046 19732 171.33
20 585 037 7.28 041 487 044 21679 174.46
25 585 038 7.28 042 487 0.64 203.56 174.06
50 585 038 7.28 044 486 047 198.69 175.11

100 585 040 7.28 0.45 485 030 19458 174.02

Indirect method.  ®Output-error minimization method.

gives the largest singular value of the error matrix between the real
output and the output reconstructed from the identified system ma-
trices using the same input signal. The error matrix has the size of
m x £, where m is the number of outputs and £ the length of the
data. As shown in Table 1, the output error decreases continuously
as p increases from 5 to 100. The speed of decreasing the output
error is quite slow from p = 50 to 100. The frequencies identified
for all different p are quite close, whereas the damping ratios range
from 2.5 to 0.4% for the first mode, from 1.5 to 0.4% for the second
mode, and from 1.2 to 0.07% for the third mode.

Results from the indirect and direct methods for computing B
and D are not shown because they produce the outputerrors several
ordersof magnitudehigherthanthe onesshownin Table 1. As shown
in Ref. 8, both methods work fine for the simulation data with input
and output noises assumed to be white random, Gaussian, and zero
mean. Therefore, it is believed that the noise nonlinearities are the
major causes for the problem of using indirect and direct methods.
From this example, one may conclude that the indirect and direct
methods should not be used in practice for computing B and D
if A and C are obtained by the reduced model via singular values
truncation.

Table 2 lists the modal frequencies and damping ratios identified
using the partial decomposition method for determining A and C
with the indirect method for computing B and D without singular
values truncation. The full-size model is then reduced to the order
of 6, including only those modes of interest. The reduced model is
used to compute the outputerror. The outputerror decreasesquickly
when p increases from 5 to 10 and reaches a minimum at p = 15.
It increases slightly again and then reduces to another minimum
at p = 100. However, the minimum 194.58 at p = 100 does not
improve much from the minimum 197.32 at p = 15. Similar to
Table 1, the frequenciesidentified for all different p are very close,
whereas the damping ratios range from 3.5 to 0.4% for the first
mode, from 2.3 to 0.45% for the second mode, and from 1.13 to
0.3% for the third mode.

The reader should not be surprised with the similarity in modal
parameters in Tables 1 and 2 because both share the same observ-
ability matrix before singular values truncation. Table 1 shows the
modal parameters computed after singular values truncation, i.e.,
some columns of observabilitymatrix correspondingto small singu-
lar values are truncated. On the other hand, Table 2 shows the modal
parameters computed from the full-size observability matrix. The
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modal parameters shown in Table 2 are the ones chosen to represent
the system.

The question may arise as to whether the outputerrors in Table 2
may be reducedif B and D are recalculated viathe output-errormin-
imizationmethod using the same A and C. The questionis answered
by the last column of Table 2. Indeed, the output errors are some-
what improved for all cases. The outputerror 171.33 for p = 15in
Table 2 is betterthan 174.25 in Table 1 at p = 50. This indicates that
the combination of singular values truncation with the output-error
minimization may not produce the global minimum for any given
p. As aresult, it seems clear that the modal truncation combined
with the output-error minimization method is a good method to do
model reduction.

VI. Concluding Remarks

The main contribution of this paper is the development of a new
system realization algorithm using the information matrix as the
basis for computing system matrices. The algorithm uses a data
correlation matrix to compute an observability matrix via the singu-
lar value decomposition. The data correlation matrix is formed from
the autocorrelation matrix of the shifted output data subtracted by
the cross correlationbetween shifted input and outputdata weighted
by the inverse of the autocorrelationmatrix of the shifted input data.
The observability matrix is then used to compute the state matrix
and the output matrix. Two computational methods are presented
including a full decompositionmethod and a partial decomposition
method to determine the state matrix and the output matrix. The
partial decomposition method seems easier to use than the full de-
composition matrix becauseit eliminates the need for singular value
truncation. In practice, there are no zero singular values regardless
of how clean the data sequenceis. To determine how many singular
values should be truncatedrequires engineeringjudgment or special
techniquessuch as sensitivity analysis. Based on the computed state

and output matrices, three methods are described, including the in-
directmethod, the direct method, and the output-errorminimization
method to compute the input matrix, the direct transmission matrix,
and the initial state vector. When the input and output noises are
white, Gaussian, and zero mean, any combination of these methods
performs well. For other noises, any combination also works well
if no singular value truncation is conducted. With singular value
truncation for model reduction, the combination of partial decom-
position algorithm with the output-error minimization works better
than the other methods but is comparable to the modal truncation
technique.

References

"Moonen, M., De Moor, B., Vandenberghe, L., and Vandewalle, J., “On-
and Off-Line Identification of Linear State-Space Models,” International
Journal of Control, Vol. 49, No.1, 1989, pp. 219-232.

2Verhaegen, M., “Subspace Model Identification: Part 1—The Output-
Error State-Space Model Identification Class of Algorithms,” International
Journal of Control, Vol. 56, No. 5, 1992, pp. 1187-1210.

3Van Overschee P., and De Moor B., “A Unifying Theorem for Three
Subspace System Identification Algorithms,” Automatica (Special Issue on
Trends in System Identification), Vol. 31, No. 12, 1995, pp. 1853-1864.

4Juang, J.-N., Cooper, J. E., and Wright, J. R., “An Eigensystem Real-
ization Algorithm Using Data Correlations (ERA/DC) for Modal Parameter
Identification,” Control-Theory and Advanced Technology, Vol. 4, No. 1,
1988, pp. 5-14.

5Juang, J.-N., Phan, M., Horta, L. G., and Longman, R. W., “Identification
of Observer/Kalman Filter Markov Parameters: Theory and Experiments,”
Journal of Guidance, Control, and Dynamics, Vol. 16, No. 2, 1993, pp.
320-329.

SJuang, J.-N., Applied System Identification, Prentice-Hall, Englewood
Cliffs, NJ, 1994, Chaps. 5 and 6.

"Ljung, L., System Identification: Theory for the User, Prentice-Hall,
Englewood Cliffs, NJ, 1987, pp. 184-186.

8Juang, J.-N., “State-Space System Realization Using Input/Output Data
Correlation,” NASA TR 17548, March 1997.



